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A TENTH MEMOIR ON QUANTICS. 


[From the Philosophical Transactions of the Royal Society of London, vol. CLXIX., Part II. 
(1878), pp. 603—661. Received June 12,—Read June 20, 1878.] 


THE present Memoir, which relates to the binary quintic (*(x, y), has been in 
hand for a considerable time: the chief subject-matter was intended to be the theory 
of a canonical form which was discovered by myself and is briefly noticed in Salmon’s 
Higher Algebra, 3rd Ed. (1876), pp. 217, 218; writing a, b, c, d, e, f, g,..,u, v, w to 
denote the 23 covariants of the quintic, then a, b, c, d, f are connected by the relation 


f? 2 — aid + abc — 40; 
and the form contains these covariants thus connected together, and also e; it, in fact, is 
(1, 0, c, f, ab- 38, ae — Zef Yæ, y). 


But the whole plan of the Memoir was changed by Sylvester's discovery of what 
I term the Numerical Generating Function (N.G.F.) of the covariants of the quintic, 
and my own subsequent establishment of the Real Generating Function (R.G.F.) of 
the same covariants. The effect of this was to enable me to establish for any given 
degree in the coefficients and order in the variables, or as it is convenient to express 
it, for any given deg-order whatever, a selected system of powers and products of the 
covariants, say a system of “segregates”: these are asyzygetic, that is, not connected 
together by any linear equation with numerical coefficients; and they are also such 
that every other combination of covariants of the same deg-order, say every "congregate" 
of the same deg-order, can be expressed (and that, obviously, in one way only) as a 
linear function, with numerical coefficients, of the segregates of that deg-order. The 
number of congregates of a given deg-order is precisely equal to the number of the 
independent syzygies of the same deg-order, so that these syzygies give in effect the 
congregates in terms of the segregates: and the proper form in which to exhibit the 
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syzygies is ade to make each of them give a single congregate in terms of the 
segregates: viz. the left-hand side can always be taken to be a monomial congregate 
azb8... or, to avoid fractions, a numerical multiple of such form; and the right-hand 
side will then be a linear function, with numerical coefficients, of the segregates of 
the same deg-order. Supposing such a system of syzygies obtained for a given deg- 
order, any covariant function (rational and integral function of covariants) is at once 
expressible as a linear function of the segregates of that deg-order: it is, in fact, 
only necessary to substitute therein for every monomial congregate its value as a linear 
function of the segregates. Using the word covariant in its most general sense, the 
conclusion thus is that every covariant can be expressed, and that in one way only, 
as a linear function of segregates, or say in the segregate form. 


Reverting to the theory of the canonical form, and attending to the relation 
J’=-wd + abe — 4c’, 


it thereby appears that every covariant multiplied by a power of the quintic itself a, 
can be expressed, and that in one way only, as a rational and integral function of 
the covariants a, b, c, d, e, f, linear as regards f: say every covariant multiplied by 
a power of a can be expressed, and that in one way only, in the “standard” form: 
as an illustration, take 

ah = 6acd + 4be + ef. 


Conversely, an expression of the standard form, that is, a rational and integral function 
of a, b, c, d, e, f, linear as regards f, not explicitly divisible by a, may very well 
be really divisible by a power of a (the expression of the quotient of course containing 
one or more of the higher covariants g, h, &c.), and we say that in this case the 
expression is divisible, and has for its divided form the quotient expressed as a 
rational and integral function of covariants. Observe that in general the divided form 
is not perfectly definite, only becoming so when expressed in the before-mentioned 
segregate form, and that this further reduction ought to be made. There is occasion, 
however, to consider these divided forms, whether or not thus further reduced; and 
moreover it sometimes happens that the non-segregate form presents itself, or can be 
expressed, with integer numerical coefficients, while the coefficients of the corresponding 
segregate form are fractional. 


The canonical form is peculiarly convenient for obtaining the expressions of the 
several derivatives (Gordan's Uebereinanderschiebungen) (a, by, (a, by, Ge, (or as I 
propose to write them abl, ab2, &c.), which can be formed with two covariants, the 
same or different, as rational and integral functions of the several covariants. It 
will be recollected that in Gordan's theory these derivatives are used in order to 
establish the system of the 23 covariants: but it seems preferable to have the system 
of covariants, and by means of them to obtain the theory of the derivatives. 


I mention at the end of the Memoir two expressions (one or both of them due 
to Sylvester) for the N.G.F. of a binary sextic. 


The several points above adverted to are considered in the Memoir; the paragraphs 
are numbered consecutively with those of the former Memoirs upon Quantics. 
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The Numerical and Real Generating Functions. Art. Nos. 366 to 374, 
and Table No. 96. 


366. -1 have, in my Ninth Memoir (1871) [462], given what may be called the 
Numerical Generating Function (N.G.F.) of the covariants of a quartic; this was 


1 — aqsa” 
TE 1. Ib 
the meaning being that the number of asyzygetic covariants aa“, of the degree Ø 
in the coefficients and order w in the variables, or say of the deg-order 6. o is equal 
to the coefficient of afe“ in the development of this function. And I remarked that 
the formula indicated that the covariants were made up of (az, o?a^, a, æ, ata”), the 
quartic itself, the Hessian, the quadrinvariant, the cubinvariant, and the cubicovariant, 
these being connected by a syzygy aña”? of the degree 6 and order 12. Calling these 
covariants a, b, c, d, e, so that these italic small letters stand for covariants, 


Deg-order. 
1,4 a, 
2.0 b, 
“2.4 b; 
3.0 d, 
3.6 e, 


then it is natural to consider what may be called the Real Generating Function 
(R.G.F.): this is 


1-a.1-b.1-c.1-d.1-e’ 


the development of this contains, as it is easy to see, only terms of the form a*b8crdé 
and a*bPcYd?e, each with the coefficient +1, so that the number of terms of a given 
deg-order 9. u is equal to the coefficient of afz“ in the first-mentioned function: and 
these terms of a given deg-order represent the asyzygetic covariants of that deg-order : 
any other covariant of the same deg-order is expressible as a linear function of them. 
For instance, deg-order 6.12, the terms of the R.G.F. are a'd, abc, ci: there is one 
more term e? of the same deg-order; hence e? must be a linear function of these: 
and in fact 


e = — a?d + abe — Ac, 
viz. this is the equation 
® = — UJ + IH — 4H. 
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367. Sylvester obtained an expression for the N.G.F. of the quintie: this is 
VUN 
+æ. ss + a5 pa? 
ka. a+ 2 
+0. story gt 
+0. w+ a^ 
+w. o +s—wn 
Ta. æt 
+æ. PHPT 
+a". Praia 
tal. ap 2 
tat, op glo 
+a". 2 -- a? -- a? 
+a, oi af o 
+ a5, — a? — a? 
+0, a -- a8 -- a 
LAJ? .—2 ~a 
kat, l —at-a oli 
+a’, — a — a 
Lal a? — a5 — a? 
+ 0%, — qn 


1—ax".1—a'n.l—a'w.l—a'.1—a'.l—a"; 


viz. expanding this function in ascending powers of a, w, then, if a term is ou, this 
means that there are precisely N asyzygetic covariants of the deg-order 6. p. 


368. It is known that the number of the irreducible covariants of the binary 
quintic is =23; representing these by the letters a, b, c, d, e, f, 9, h, ü J, k, l, m, 
n, 0, p, q, T, S, t, u, v, w, (a the quintic itself) the deg-orders of these, and the 
references* to the tables which give them are 


I” See also the paper, 143, in the second volume of this collection.) 
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Deg-order. Tab. Mem. 
Je: a 13.2 
2.2 b 14 ,, 
A e c TOR»... 
3.3 d 10 4 
"oT ^ e ep 
4:8 Pi 18 
4.0 0 M a 
».4 h 35, 
SÉ D 2 . 
5.1 j Wi. 
gAn k 23 „ 
wo l 24 „ 
6.2 m 83 8 
„.4 n 84 , 
Sach 0 90* 9 
wl; o p ka vu. 
8.0 q 25 2 [See also paper 143] 
Md r 92 9 
9.3 st 

Hr. t 94 9 
12.0 u 29 3 
13.1 v 95 9 
18.0 w 29A 5, 


Starting from the foregoing expression of the N.G.F. of the quintic, we can, instead 
of each term ata“, introduce a covariant or product of covariants of the proper deg-order 
0.w/: the mode of doing this depends of course on the different admissible partitions 
of 6, w, and it is for some of the terms very indeterminate: for instance, a'z" is at, 
bf, or ce. 1 found it possible to perform the whole process so as to satisfy a condition 
which will be presently referred to; and I found 


[* See vol. vir. of this collection, p. 348.) 
+ See end of Memoir. The S of Table 93 has the value —96 (D, M)4-16BO —TGK, but it is better to 


use the simple value —(D, M); and the S of the present Memoir has this value, say S=-(d, m), 
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R.G.F. of quintic= Deg-orders. 

1 .l—b 0.0—10. 10 
+d .l—ag 3.3-12. 8 
+e .1-b 9.54. 1009 
BÉ eB sU BAT UTI 
+h .1-ag 4.4—13. 9 
+1 .1-b%9 4.6—12.10 
tj .1-ag 5.1—14. 6 
+k .1-b 5.8- 9. 7 
+l .1— bg 56.7511. 9 
+m .1- ag? 6.2-15. 7 
+n .1-bg 6,4414, 8 
+o .1-)0 7.1-13. 7 
+p .1— bY 7.5-15. 9 
+r .1-bg 8,2216. “6 
+ dj .1- ag 8.4—17. 9 
+s .l—abg 9.3—16.10 
TÀj.l—ag 9.5—18.10 
+7 .1-ag 10.2—19. 7 
+ jl: „l — beg 10.4-18. 8 
+t .l—b 11.1-17. 7 
+jm.1—ag? 115529. 8 
+ jo. .1—bg 12.218. 4 
Lv .1-0 13.1-23.11 
+ js .1—bg 14.4—20. 6 
+jt .1— 9 16.2-20. 2 
+w.l-a 18.0-19. 5 


1-a.1-b.1-c.1-g.1-g.1-u, 


where observe that each negative term of the numerator is equal to a positive term 
multiplied by a power or product of terms a, b, y, contained in the denominator: 
this is the condition above referred to. The expansion thus consists only of terms 
each with the coefficient +1; for instance, a part of the function is 

s(1 — abg) S 1 — abg 


l-a.l-b.1—c.1—-g.1—q.l-w'  1-0.1-q.1-u'1l-a.1-5.1-g’ 
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where the first factor is the entire series of terms sc®g‘u’, and the second factor is 
the series of terms asbëgy omitting only those terms which are divisible by abg: and 
in the product of the two factors the terms are all distinct, so that the coefficients 
are still each =1. The same thing is true for every other pair of numerator terms: 
and since the terms arising from each such pair are distinct from each other, in 
the expansion of the entire function the coefficients are each =+1. Hence (as in 
the case of the quartic) for any given deg-order, the terms in the expansion of the 
R.G.F. may be taken for the asyzygetic covariants of that deg-order; and if there 
are any other terms of the same deg-order, each of these must be a linear function, 
with numerical coefficients, of these asyzygetic covariants: thus deg-order 6.14, the 
expansion contains only the terms a?h, acd, bc; there is besides a term of the same 
deg-order, ef, which is not a term of the expansion, and hence ef must be a linear 
function of a?h, acd, bc; we in fact have ef=a’h — 6acd — Abe”. 


The terms in the expansion of the R.G.F. may be called *segregates, and the 
terms not in the expansion “congregates”; the theorem thus is: every congregate is 
a linear function, with determinate numerical coefficients, of the segregates of the same 
deg-order. 


369. I stop to remark that the numerator of the R.G.F. may be written in the 
more compendious form 


(1 — 05) (1 — v) H (1 — 63) (o - t) -- (1 — 5) (e +k)+(1—b)f 
+ (1 — ag?) (d +h+j+mx+dji+h+j+jm) 
+ (1 — bg) (L+ jo + js) 
+ (1 — Bg) (e + n p + Jk) 


+ (1 — abg) s 
+ (1 — g)jt 
+(1-a)w; 


but the first-mentioned form is, I think, the more convenient one. 


370. It is to be noticed that the positive terms of the numerator are unity, the 
seventeen covariants d, e, f, h, i, j, k, l, m, n, o, p, r, s, t, v, w, and the products of j by 
(d, h, j, k, m, o, s, t), where 7? is reckoned as a product; in all, 26 terms. Disregarding 
the negative terms of the numerator the expansion would consist of these 26 terms, 
each multiplied by every combination whatever a*bicrgigus of the denominator terms 
a, b, c, g, q, u (which for this reason might be called “reiterative”): the effect of the 
negative terms of the numerator is to remove from the expansion certain of the terms 
in question, thereby diminishing the number of the segregates: thus as regards the 
terms belonging to unity, any one of these which contains the factor b is not a 
segregate but a congregate: and so as regards the terms belonging to d, any one of 
these which contains the factor ag” is a congregate: and the like in other cases. 


For a given deg-order we have a certain number of segregates and a certain 
number of congregates: and the number of independent syzygles of that deg-order is 


D X 44 


www.rcin.org.pl 


346 A TENTH MEMOIR ON QUANTICS. [693 


precisely equal to the number of congregates: viz. each such syzygy may be regarded 
as giving a congregate in terms of the segregates: we have on the left-hand side a 
congregate, or, to avoid fractions, a numerical multiple of the congregate, and on the 
right-hand side a linear function, with numerical coefficients, of the segregates. 


371. The syzygy is irreducible or reducible; and in the latter case it is, or is not, 
simply divisible: viz. if the congregate on the left-hand side contains any congregate 
factor (the other factor being literal), then the syzygy is reducible: it is, in fact, 
obtainable from the syzygy (of a lower deg-order) which gives the value of such 
congregate factor. But there are here two cases; multiplying the lower syzygy by 
the proper factor, the right-hand side may still contain segregates only, and then no 
further step is required: the original syzygy is nothing else than this lower syzygy, 
each side multiplied by the factor in question, and it is accordingly said to be simply 
divisible (S.D.). But contrariwise, the right-hand side, as multiplied, may contain con- 
gregates which have to be replaced by their values in terms of the segregates of the 
same deg-order: the resulting expression is then no longer explicitly divisible by the 
introduced factor: and the original syzygy, although arising as above from a lower 
syzygy, is not this lower syzygy each side multiplied by a factor: viz. it is in this 
case not simply divisible. 


For example (see the subsequent Table No. 96, under the indicated deg-orders) 
(6.6), from the syzygy 
i 9d? = aj — bë + 2bh — cg, 
we deduce (7.11) the syzygy 
9ad? = a?j — ab? + 2abh — acg, 


which (all the terms on the right-hand being segregates) requires no further reduction : 
it is a reducible and simply divisible syzygy. But we have (6.8) a syzygy giving 
de, and also (6.10) a syzygy giving e: multiplying the former of these by e or the 
latter of them by d, we obtain values of de, but in each case the right-hand sides 
contain terms which are not segregates, and have thus to be further reduced; the 
final formula (9.13) is 


3de = — 4a?bj + Ba'dg + kab“ — 8ab*h + 4abog — 12b'cd, 


which is not divisible by any factor: the syzygy is thus reducible, but not simply 
divisible. 


A syzygy, which is not in the sense explained reducible, is said to be irreducible. 


372. The number of irreducible syzygies is obviously finite: it has, however, the 
large value 179 as appears from the annexed diagram, showing the congregates 
determined by these several syzygies, and the deg-orders of the syzygies :— 
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Orn www o 


oe Ço LEE be Ke EE EE AEN 
O m bei WH ORK vs bäi zi Ç2 = 
ge su so gg va 


bel d, kel 


vr 


ó 


b y? ag beg bg aby bë bê a 
TY -B. 3. 4.6 15. PAS "166 — 160 17.72 323.11; 198 
ag” 
BO 68 619 777 4:95 - 17.9 8.6 8.10- Sa 8.77, 104 . 10.8. 115. ES 734.42. 164 = 31:3 135 
7610 814 75 7.11 84 8.8 EI23. E KE E —1010 157. 1298 AE DON 2315 
—. ]618 7135 TIG 28307 812.838 -9IIo B13 10.10 10.M ILII 1912-1410 16,105 319 
| ag? 
| 8.8 810 38.70.87 X108 STOL Se IL “LO 186.137 168 175 2214-5146 
Ta oq 812 793 9:9 $313 TOU ^ 1038017 EES 128 ^ BE: : Po T, “A77 2226 
| ag beg ag" bg bg g 
| 1977 18:8. 108: 203 MD 184 126 513:9: 206 20.2: 182 231 2153 
[10.6 1010 115 11.7 124 128 135 146 164 184 233 155 
| 10.14 119 11.11 128 12.12 139 1410 168 188 237 
LTE: 126. Tl A 175.3: 399 2429 41604 
| 128 135 139 146 157 175 195 244 
= 12 BEA Stee = es 1 16:25. 202 ; 251 173 
| 14.10 15.7 168 186 206 255 
Ut c paet.d455.. 193 Sté 262 
E NE 18.0 -20,4. 32.4 *.27.3 195 
| == 042.8: 248,8 291 3E 
| | 26.2 31.1 
| | 36.0 


Each term inside this diagram is a deg-order indicating the congregate determined by an irredueible syzygy: viz. the congregate is the 
product of the outside covariants in the line and column containing the deg-order, and of the literal factor (if any) placed immediately above the 
deg-order. Thus, line d and column i, 7.9 indicates the congregate di, but, same line and column j, 17.9 indicates the congregate dj . ag”, =adg?j. 
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Observe as regards the foregoing diagram, that dj” is irreducible (since neither dj 
nor j? is segregate), and similarly j'A, jt, Ge. are irreducible: we have thus the last 
or j* column of the diagram. 


The simply divisible syzygies are infinite in number, as are also the reducible 
syzygies not simply divisible. There is obviously no use in writing down a simply 
divisible syzygy; but as regards the reducible syzygies not simply divisible, these 
require a calculation, and it is proper to give them as far as they have been obtained. 


373. The following Table, No. 96, replaces Tables 88 and 89 of my Ninth Memoir. 
The arrangement is according to deg-orders, and the table is complete up to the 
deg-order 8.40: it shows for each deg-order the segregate covariants, and also the 
congregate covariants (if any), and the syzygies which are the expressions of these 
in terms of the segregates. When there are only segregates these are given in the 
same horizontal line with the deg-order; for instance, | 5.9 | ab, ah, cd, shows that for 
the deg-order 5.9 the only covariants are the segregates ab”, ah, cd; but when there 
are also congregates, the segregates are arranged in the same horizontal line with the 
deg-order, and the congregates, each in its own horizontal line een with its ex- 
5.11 at 

bf |— 1 Zen 
are at, ce, and there is a congregate bf which is a linear function of these, =—ai+ce. 
The table gives the irreducible syzygies and also the reducible syzygies which are not 
simply divisible, but the simply divisible syzygies are indicated each by a reference 
to the divided syzygy which occurs previously in the table. 


pression as a linear function of the segregates: thus the segregates 


374. Any syzygy might of course be directly verified by substituting for the 
several covariants contained therein their expressions in terms of the coefficients and 
facients of the quintic. But it is to be remarked that among the syzygies, or easily 
deducible from them, we have (6.18) the before-mentioned equation f?= — æd + a?bc — 40, 
and also a set of 17 syzygies, the left-hand sides of which are the covariants 
J, h,..,u, v, w, each multiplied by a or æ, and which lead ultimately to the standard 
expressions of these covariants respectively, viz. each covariant multiplied by a proper 
power of a can be expressed as a rational and integral function of a, b, c, d, e, f, 
linear as regards f. Supposing them thus expressed, a far more simple verification of 
any syzygy would consist in substituting therein for the several covariants their ex- 
pressions in the standard form, reducing if necessary by the equation f?=-a’d+a’be— 4c: 
but of course, as to the syzygies used for obtaining the standard forms, this is only 
a verification if the standard forms have been otherwise obtained, or are assumed to 
be correct. 
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The 17 syzygies above referred to are 


Deg-ord. 


6. 


O Ø 00-00. et SO Ses ve 


kel ja ` bel bed 
= WD NDO 


19, 


10 


.14 
„ki 


ag = 
ah = 


12abd + 4070 + e, 


ai = — 


aj — 


ak — — 


the last four of these 


Deg-ord. 


4; 


bo 
sur 


bed 
O QO 9 Þ- bè @ 


TABLE No. 96 (Segregates, Congregates, and Syzygies). 


bacd + 4bc? + ef, 
bf + ce, 
b3 — 2bh + cg + 9a?, 
2bi + 3de, 
2ci — 3df, 
2b*d — cj + 3dh, 
be — 6bl — 2ck — fg, 
2bn + ej, 
Zen — fj, 
2bj + bdg — 12dm + hj, 
bk + bp — co + hk, 
3bdk + 3dp + Dm, 
bjk + jp — 2mn, 
2agq + b?gj + 6bmj — 6dj? — ghj + no, 
2b*q — Bb)? — 2b?gm + 6bdgj — 12bm* + Bet, 


349 


3b*gt + b?qo — 4bj?o — bgmo + 18bmt + 3dgjo — 18djt — 3ght — Gao, 


being, however, beyond the limits of the table: the expressions 
of g, h, 4 are here in the standard form: the standard forms of the other covariants 
J; k,.., a, v, w, will be given further on. 


Congs. 


Segregates. 


| 
| 


yo 
O ST Oo 


=~ mi mi 
Çı LO ~= 
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TABLE No. 96 (continued). 


[693 


Deg-ord. 


10 


12 


14 


16 


Congs. 


bf 


* ab’, 


* aĉi, 


abd, be, ch 
-12 -4 

al, ci 

-1 +2 

wh, acd, be? 
+1 -6 -4 


ace 
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TABLE No. 96 (continued). 


Deg-ord. Congs. Segregates. 
6. 18 * aa, abe, e 
Ra -1l rl —4 
20 aĉe, ac 
22 ab, ae 
24 af 
26 ate 
28 
30 as 
SCH "nins 
3 b, dg 
5 bk, eg, p 
7 * aby, am, Ud, cj 
dh.3 0 +1 +2 +1 
9 * an, bl, ck, fg 
be +1 +6 +2 +1 
di.3 0 +1 +1 
eh 0 +4 +2 +1 
11 * a), alë, abh, acg, bed 
ad? KA E urs SH 6.6, d? 
ei ; t -1 +6 -6 
13 Ne el 
ade . SD 6.8 , de 
bf YN SÈ pe wah wile a ef S.D. 5.11, df 
J^.3 -I -2 +3 -6 
15 KE ak ag, abd, abe, ach, cd 
ae? TEE OS A AS CA A Ke (eg E WO YOL yè 
fi +1 -1 +l -6 
17 * abe «Al, act, ce 
adf S.D. 6.12, df 
bef S.D. 5.11, bf 
19 * | ab, ah, acd, abc 
aef E, XETAN T ueni L E RL A N y ETE 
21 SEI: aŭ We e 
abf KAAS INE ona oa la ED f 
23 Kë * aid, dhe, ac 
af? Y E MUSO ENE AA AA 
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TABLE No. 96 (continued). 


Deg-ord. Congs. | Segregates. 
7. 25 ae, waf 
27 ab, ate 
29 af 
31 ae 
33 
35 oi 
8. 0 9, 9 A 
2 r 
4 Ug, bm, dj, gh 
6 * ao, bn, gi 
kð. A d 
ej +1 -2 
8 * abj, adj bi bh, beg, cm 
bd? e w pl éi NM wl L NN popeca | AES D MN OO a T 
ek —4 +3 +4 -6 +2 
Ai, A +4 -3 —4 +8 —1 +12 
10 * abk, aeg, ap, bi, cn 
bde e ei a e mara l Em AE NU ÓN 
di.9 42 s. #8 +1 vo 
Ji ; edu ËS. 
hi.3 do E , +2 —3 
12 * abg, a'm, abd, ac, bc, beh, cg 
adh a AD. 7.7, a 
be? ge S.D. 6.10, e? 
cd” Kë lë ele Ku S.D. 6.6, -d' 
el -1.-2. +1.-2 +3 
Sk +1 i —-1 +4 -6 +2 
a —1 +1 -2 +1 
14 * an, abl ack, afg, bei s 
ab?e S.D. 7.9, ble 
adi S.D. 7.9, di 
aeh S.D. 7.9, eh 
bdf S.D. 6.12, df 
cde S.D. 6.8, de 
16 * aj, ab, bh, «eg, abed, bè, ch 
ad? S.D. 66, ei 
wei S.D. 7.11, e: 
bef E S.D. 6.14, e 
ce id si^ SE CAD S.D. 6.10, e? 
FI lol. 49 512-9542 46079 
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8. 18 


20 


22 


24 


26 
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TABLE No. 96 (continued). 
————F EI —=I]IM„M[m~=€«,~——— uUnqEE..EEEEE——————-——————————————————————————— NBNı Mi Mê Êş 
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Congs. Segregates. 
* ak, abi, abce, acl, ca ` 
ade 
ab'f 
afh 
cdf 
* ag, abd, abec, arch, acd, be 
ate? 
af à 
bf? 
cef a 
* abe, æl, ac abcf, ace 
dj 
* ab, ath, acd, ade, e 
aef 
af" e 
d a^, ake, acf 
abf 
* ad, abc, a" 
aif? Vik SE 
ade, æf 
ab, ae 
af 
afe 
as 
gj 
bo, gk, s 
* ag, aq, bi, bdg, hj 
dm. 12 —1 —2 +1 +1 
* ar, beg, bp, co, gl 
b'k. 3 +1 . -5 -1 +1 
dn. A —-1...-1l ~I 
em.3 +2 . +2 +1 -1 
hk .3 +2 . +2 +4 —I 
ij ; zu bk: aech 
* alg, abm, adj, agh, bd, bej, cdg 
bdh . 3 : +1 : 12 +1 
d. 27 : +2 +3 . +1 +2 -3 
en +1 +6 si +2 
ik d —1 : —3 +3 


8.D. 


S.D. 


353 


45 


354 


Deg-ord. 


9. 11 


10. 


13 


10 


Congs. 


A TENTH MEMOIR ON QUANTICS. 


TABLE No. 96 (continued). 


Segregates. | 
agi, bl, bek, ceg, cp 
21 Bd I 
Li i4 MA 
ig cq e NE 
48. bonis —3 
-8 -1 +2 +5 —6 
oda, ab’, abh, abeg, acm, bed, 
zu Ep UA ME 
—2 +2 -3 +l -2 Û 
—1 +1 -2 +1 -3 — 3 
bg, ba, gm, Jj? 
br, gn, gk 
—1 
bm, bdj, bgh, eg, cq 
+19 12 29 
6 +12 -2 +1 23 
4 -12 +2 —1 
as, bn, jg cr 
ES (ane. EE A 
. +18 +5 —12 
: — 3 -1 +3 
+3 +15 +5 —12 
abdy, ahj, h, beg, bem, 
14 uB e 18 wae 
+ 3-49 =8) 44 8 Ê 
2. 231 7-9. +4 +32 
2 +13 -3 +4 -2-8 
9 "29. Ei Die 8 
dora ES ETT 
2 -3 +7 +4 +24 
2 43 —5 : ë 
2 -1 -1 +16 
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o: 


ed 


+ 2 
+3 


cdj, 


—12 
+12 
—12 
+12 
+12 
+6 
— 94 
+12 
+12 


cgh 


ES 


+4 
—4 
—4 
+1 


+9 


4 


S.D. 
S.D. 


S.D. 
S.D. 


S.D. 


S.D. 


[693 


8.6, dk 
8.6, ej 


7.9, bi 
5.11, of 


ON 
. 8:8, ek 
; 88] M 
. 7.11, es 
. 1.1, dh 


. 6.6, Æ 


9.5, dm 


6.10, e 
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TABLE No. 96 (concluded). 
Deg-ord. Congs. Segregates. 
E a SUM. go,” t 
3 baj, dy, dq, Jm 
5 * bo, bak, bs, eg, eq, gp 
EE 6 BT 49 
ho. 3 —2 +11 —24 —3 +6 
jn tl - 3 + 6 +1 —2 
km. 6 —2 + 5-12 —3 +3 
12. 0 a, ga, u 
2 gr, jo 
4 * PR, ba, bam, bj, dai, gh, hg 
ko 2n ~o =4 +8 
mê „12 e a A LÊ. 43 
13. 1 g je v 
3 * bgo, bt, gk, gs, kg 
jr .2 —2 +1 —1 
mo. 2 —4 +1 —1 
14. 0 
2 bg? ; bgq, bu, g M, gi”, mq, o? 
4 " byr, bjo, gin, gib ĵe, ng 
dgo "d pea A Tus S:D. 10.4, do 
dt .18 +1 +2 —1 +6 +3 
mr. 12 +1 +2 E ê 


Theory of the Canonical Form. Art. Nos. 375 to 381, and Tables Nos. 97 and 98. 


375. As the small italic letters have been used to represent the covariants, 
different letters are required for the coefficients of the quintic: using also new 


letters for the facients, I take the quintic to be (a, b, c, d, e, FYE, y). 


Considering 


i j 1 : 
a linear transformation of = (a, b, c, d, e, f£ ap viz. 


1 (a, b, c, d, e, £E br, an), 


45—2 
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this is 
P ` BP L yı AOR ni be y 
= 1 u Iy = y ae b EKOO. 
+b ( 1 — 2b + 3b? — 4b? + 5b‘) 
+ac ( 1 — 3b + 6b? — 10b”) 
+ a?d ( DT Ne db) 
+ ave ( 1 — 5b) 
+ af ( 1), 
which is 
dr la lar a MU 
wer i shes abd—4 | abe — 5 
b +2 ab’c + 6 a?b?d + 10 
b —3 | abe —10 
b + 4 


The values of a, b, c, d, e, f, considered for a moment as denoting the leading 
coefficients of the several covariants ultimately represented by these letters respect- 
ively, are 


a b e d e F 
a +1 ae Ll ac + 1 ace + 1 af + 1 ad +1 
bd — 4 bk — 1 ad? — 1 abe + 5 abe — 3 
c +3 be — 1 acd + 2 bi —2 
bed + 2 bd + 8 
eë —i be? — 10 


satisfying, as they should do, the relation 
J=- ad + abe — 4c. 


Hence forming the values of a'b—83c? and a’e—2cf, it appears that the value of 
the last-mentioned quintic function is 


(1, 0, c, f, atb — 30, ate — 2cf YE, n). 


Writing herein æ, y in place of & y, and now using a, b, c, d, e, f to denote, not 
the leading coefficients but the covariants themselves (a denoting the original quintic, 
with E, y as facients), we have the form 


A=(1, 0, c, f, “b—30, ae—2¢f Ya, y), 
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a new quintic, which is the canonical form in question: the covariants hereof 
(reckoning the quintic itself as a covariant) will be written A, B, C,.., V, W, and 
will be spoken of as capital covariants. 


376. The fundamental property is: Every capital covariant, say J, has for its 
leading coefficient the corresponding covariant 2 multiplied by a power of a: and 
this follows as an immediate consequence of the foregoing genesis of A. The 
covariant 2 of the form 


L(a, b, c, d, e, £E, a) 
has a leading coefficient 
= = (acf — arde + &c.), 


which, when a, b, c, d, e, f,..,% denote leading coefficients, is =? multiplied by a power 
of a: and upon substituting for the quintic the linear transformation thereof 


(1, 0, c, f, wb — 307, we—2cf QË, my, 


(observing that, in the transformation Ë, y into £—bm, an, the determinant of sub- 
stitution is =a), the value is still =% multiplied by a power of a; or using the 
relation a=a, say the value is =1 multiplied by a power of a. Now the covariant 
i is the same function of the covariants a, b, c, d, e, f that the leading coefficient 
i is of the leading coefficients a, b, c, d, e, f; hence, the italic letters now denoting 
covariants, the leading coefficient still is =? multiplied by a power of a: which 
is the above-mentioned theorem. 


377. To show how the transformation is carried out, consider, for example, the covariant ` 
B. This is obtained from the corresponding covariant of (a, b, c, d, e, FYE, ap that is, 


"ae MM a | DË F Të y), 
bd — 4 be — 3 ce — 4 
e „l cd + 1 d +3 


by changing the variables, and for the coefficients 
a Uu qd e, f 
writing 
1, 0, o, f, ab— 30, ae-dLf; 
thus the coefficients are | 
First. Second. Third. 


1 (ab — 3c?) 1 (œe — Zef) — Ae (ab — 30?) 
+ Be + Ser + 3/2 
= ab = ae = - 4a?be + 12c* 
+ 3 (— æd + abe — 4c?) 
= a(— Bad — be): 
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and we have thus the expression of B (see the Table No. 97); and similarly for the 
other capital.-covariants C, D,.., V, W: in every case the coefficients are obtained 
in the standard form, that is, as rational and integral functions of a, b, c, d, e, f, 
linear as regards f. 


378. It will be observed that there is in each case a certain power of a which 
explicitly divides all the coefficients and is consequently written as an exterior factor: 
disregarding these exterior factors, the leading coefficients for B, C, D, H, F are 
b, c, ad, e, f respectively; that for G is 12abd+4b’c+e?, which must be =g multi- 
plied by a power of a, and (in Table 97) is given as =a’g; similarly, that for H is 
Gacd + 4bc? + ef, which must be =A multiplied by a power of a, and is given as =a'h: 
and so in the other cases. The index of a is at once obtained by means of the 
deg-order, which is in each case inserted at the foot of the coefficient. 


For A, B, C, E, F there is no power of a as an interior factor: and for the 
invariants G, Q, U we may imagine the interior factor thrown together with the 
exterior factor, (F=a°g, &c.): whence disregarding the exterior factors, we may say 
that for A, B, C, E, F, G, Q, U the standard forms are also “divided” forms. 
But take any other covariant—for instance, D: the leading coefficient is ad, having 
the interior factor a; and this being so it is found that all the following coefficients 
will divide by a (the quotients being of course expressible only in terms of the 
covariants subsequent to f): thus the second coefficient of D is —bf+ce, and (5.11) 
we have —bf+ce=ai, or the coefficient divided by a is =ï; and so for the other 
coefficients of D; or throwing out the factor a, we obtain for D an expression of 
the form (d, d... Wa, y), see the Table 98: this is the “divided” form of D: and 
we have similarly a divided form for every other capital covariant. All that has 
been required is that each coefficient of the divided form shall be expressed as a 
rational and integral function of the covariants a, b, c,..,v, w: and the form is not 
hereby made definite: to render it so, the coefficient must be expressed in the 
segregate form. But there is frequently the disadvantage that we thus introduce 
fractions; for instance, the last coefficient of D is =—ci+df, where to get rid of 
the congregate term df we have (6.12), 3df=—al+2ci, and the segregate form of 
the coefficient is = — lal + Zei. 


379. We have in regard to the canonical form, a differential operator which is 
analogous to the two differential operators æd, — {æd}, ydz—{yd,} considered in the 
Introductory Memoir (1854), [139]. Let 8 denote a differentiation in regard to the 
constants under the conditions 


da= 0, 
òb= e, 
dos 3 


ôd = : (— 5f + ce), (= i), 


de — — 6ad — 10bc, 
df= 2ab— 180, 
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which (as is at once verified) are consistent with the fundamental relation 
J? =- ad + abc — 4e; 
then it is easy to verify that 
d d : 
CREE 5) 4-9; 
and this being so, any other covariant whatever, expressed in the like standard form, 
is reduced to zero by the operator 


d d 
cf TAN T hanad 


and we have thus the means of calculating the covariant when the leading coefficient 
is known. 


Thus, considering the covariant B, the expression of which has just been obtained, 
=(B,, Bı, B, m, y), suppose: the equation to be satisfied is 
æ (Bic + 2B,y ) 
— 4cy ( 2B,w + Bı) 
—#6B, —ayòB,—yòB, =0, 
viz. we have 


B, — 6B, — 0, 
2B, — 8cB, — 6B, = 0, 
— 4cB, — 6B,=0; 


which (omitting, as we may do, the outside factor a?) are satisfied by the foregoing 
values B, Jı, B,=b e, —3ad—bc. And if we assume only B,=b, then the first 
equation gives at once the value B,=e, the second equation then gives B,——3ad—3bc; 
and the third equation is satisfied identically, viz. the equation is 


— 4ce + 6 (Bad + bc) = 0, 


that is, 
— 4ce — — 4ce == 0), 
+ cdb +c.e 
+b8 +b.3f 


+3aöd +3(-bf+.ce) 
which is right. 


Of course every invariant must be reduced to zero by the operation ð: thus we 
have, see the Table No. 97, 
ag=  12abd 


+ 4b 
+ la, 
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and thence 
ade kiA bce 
aég= (12ad + 8be) êb = (12ad + 8bc) e sio > 8 
+ 4b? ër +40 . 8f + 12 
+ 12ab .6d 412b (— bf 4- ce) — 12 4- 12 
+ 2e .de  +2e(— Gad — 10bc) — 12 — 90, 


which is =0, as it should be. 


380. As already remarked, the leading coefficients of H, I, J, &c, are each of 
them equal to a power of a multiplied by the corresponding covariant h, 4, j,..; hence, 
supposing these leading coefficients, or, what is the same thing, the standard ex- 
pressions of the covariants h, 7, j,..,v, w to be known, we can calculate the values 
of dh, Ĝi, 9j,.., ën, dw (=0, since w is an invariant): and the operation ð, instead 
of being applicable only to the forms containing a, b, c, d, e, f, becomes applicable to 
forms containing any of the covariants. The values of da, 8b,.., dv, dw can, it is 
clear, be expressed in terms of segregates; and this is obviously the proper form: 
but for ðr, ðt, and ðv, for which the segregate forms are fractional, I nae given 
also forms with integer coefficients. The entire series is 


Deg-order. 

2.8 da = 0, 

3.5 6b = e, 

3.9 ĉe = 3f, 

4.6 od =. 4, 

4.8 de — — bad — 10be, 

4.12 f= 20b— 180, 

5.3 Og ==), 

57 dh =  2be— Al, 

5.9 i =—2ab?+ 2ah — 18cd, 

6.4 6j ——n, 

6.6 dk = — 2aj + 6b* — 9bh + Bog, 

6.10 l =—3abd — Tbe + Tch, 

7.5 òm = — bk — p, 

ET ên =  4oj, 

8.4 do = b’g+6bm — 6dj — gh, 

8.8 ën =  8abj — 5adg — 10b* + 15b?h — 5bog + 10cm, 

9.8 solere li 

9.5 ër = ¿(aq + 6b% — 5bdg — jh), = bj — 2bdg — 6dm, 
10.6 6s = —2agj + 2b?g + 3b?m + 21bdj — 4bgh + Zeg — 3cq, 
12.4 dt = ¿(bgm+4b?—3dgj—hq) =—bq+hq+ Ga, 
13.3 du = 0, 
14,4 dw = ¿(—5bgr-—10bjo + 5gjk — 12js — Ing), =— 6dt — 6mr + nq, 
19.3 Gu e 0, 
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It is obvious that for every covariant whatever written in the denumerate form 
(L, L,,...Ya, yy, the second coefficient is equal to the first coefficient operated upon 
by 8; so that the foregoing formule give, in fact, the second coefficients of the 
several covariants. : 


381. It is worth noticing how very much the formule of Table No. 97 simplify 
themselves, if one of the covariants b, c, d, e vanishes, in particular, if b vanishes. 
Suppose b=0; writing also (although this makes but little difference) a=1, we have 


a= 1, 
b = A 
e =. e, 
dom dl, 
E de, 
f=-d-4ĉ, 
Bess 
h = 6cd ref, 
$ = Ge 
j] = 9d? + ce’, 
k = .. 3de, 
l = — 3df+ 2c*e, 
m= 9cd’+ 3def — ce, 
n — — 6cde — ef, 
o= Idete, 
= — 9d?f + 12c*de + cef, 


p 
q =— 54cd*— 21 d?ef + 18c*de* + cef, 
r = Icde + 8de?f-- cë, 
s =-—27d*f + 54cd'e + 9cde f — 200, 
t — — 81d:f — 6d’e + 216c'dje+ b4cd?e? f — 24cde — dei f, 
u = — 270° — 18cd’e — Ad?e f + ede, | 
v = — 81d'ef — Ge  2166d'e + B4odref — Mode leet 
w (not calculated). 
These values are very convenient for the verification of syzygies, &c. Take, for instance, 


the before-mentioned relation 8v=-— 6dt — 6mr + nq, that is, if V=(V,, Vite, y), then 
V,— — 6dí— 6mr--nq: calculating the three products on the right-hand side, observing 


€. X. 46 
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that f? when it occurs is to be replaced by its value —d— 4c', and taking their sum, 
the figures are as follows : 


— 6dt — 6mr + ng Sum 
df | + 486 | + 486 
d’e + 36 + 54 — 27 + 63 
ade | —1296 | — 486 4394 | — 1458 
edê? f| — 324 — 324 + 216 — 432 
cde? LIN + 1 
ede + 144 + 324 — 216 uo 
def | + 6 + 36 — 24 AWÈ 
cte Weg: + 4 LAZ 


where the last column is, in fact, what V, becomes on writing therein a=1, b=0. The 
verification would not of course apply to terms which contain b; thus, (13.3), a 
derived syzygy is jr=bt+mo; and the foregoing values give, as they should do, 
jr=mo: we might for the verification of most of the terms in b use values a, b, c, d, 
e, f?=1, b, 0, d, e, —d: the only failure would be for terms containing bc. 


TABLE No. 97 (Covariants of A, in the af- or standard forms: W is not given). 


The several covarlants are— 


Ac. d 0 c + 10 f + 10 ab+ 5 ae + 1 (Qa, yy 
e -15 cf — 2 


0.0 1.3 2.6 3.9 4.12 5.15 
B=e(| b+1 e +1 ad — 3 | Wæ, yy 
be — 1 
2.2 3.5 4.8 
| 
(kas (seas kol TI æb+ 3 aer l ad + 6 abf-3 a —1 | Ya, yy 
| c —15 cf -10 a'be— 3 „ce +3 a'cd + 2 
o +15 a^cf +3 abe + 4 
» rl 
we —1 
2.6 3.9 4.12 5.15 6.18 7.21 8.24 
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TABLE No. 97 (continued). 
D-a( ad + 1 bf — 1 ab — 1 adf +1 |x, y)? 
ce + 1 acd +3 a'bef + 1 
abe? + 4 „cie — 1 
gr 41 
i 4.5 5.11 6.14 Y. El 
E-e( erl ad — 6 bf — 12 ab — 8 æbe — 5 abd — 6 Qa y)? 
abe — 10 ce + 2 acd — 36 adf — 24 abe — 2 
a'be?+ 12 abef— 4 ye — Í 
yef— 2 „ e% + 2 acd + 18 
abe? + 6 
„cef 2 
3.5 4.8 5.11 6.14 T5 17 8.20 
F=(|f/+1æb+ 2\a% + 1|æd + 34 æbf— 40 ad? — 16|atbe — 7 æbd+ 6 ade —12 ab — 2| oy» 


a“c—18 


alef— 36 |a'be— 42|, ce 5 
ate +168 | a’c?f-126 


æcd + 6 


æbe+134 


ædf + 8|a'b'e—22 
æbef+ 8| „eê — 1 


abee +11 | adbed+ 6 
„ DIF — 9| atb?c? +12 


„ef 51, cde+55 | a?8d +54 | e?edf +34 | „bef + 3 
ate“ —252 af — 84 | be? +66 | a?bef+ 32.) „ce — 1 
„cef+38 | „de —45 | acid — 14 
ade +72 |æcf + 9 | abe“ -16 
»cef— 5 
oë — 2 
sor EN SR, dt, 6.18 7.21 8.24 9,27 10.401 11-533 12.36 
G=aŝ abd -- 12 
abc + 4 
ne 4 l 
= ag 
6.10 
46—2 
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TABLE No. 97 (continued). 


do y) 


[693 


abe +1 | Ga, y) 


oi acd +6 abe + 2 aber 4 ade + 2 ab +2 
abe? + 4 adf +12 e 4 A abf + 4 „® +6 
„of +1 abef— 8 acd — 36 „ bce— 6 abcd — 2 
»ce— 8 abe? — 24 acdf —12 able? — 8 
»cf-— 6 abef— 8 „def — 3 
h „de + 8 »ce rl 
acd +6 
abet +4 
— a?h „cef l 
6.14 T kif 8.20 9.23 10. 26 
df-1 | ab —2 | adf —15 | abd—20 | ade — 5 | ab + 2 
ce+1 | acd —6 | a'bef+ 5 | acd +60 | abf + 5 | „Æ —12 | æbdf+ 3 
a'be?+8 | , ce— 5 „dee — 5 | a'bed- 2 | ,cde—5 
„of -2 acdf +30 | abe — 6 | a?b?«f-+ 1 
wbef+ 5 | „ce — 2 | ,,bce—5 
yee — 5 | acd -30 | „ef — 1 
abet — 8 | acdf - Š 
»Cef— 2 | abcf-1 
=m „ce +1 
DUI "COM TI . 20 9.23 10.26 11,29 
JEG — wed abe - 1 | Ya, y) 
p +9 abdf — 6 
ab — 4 „ede +6 
„ef — 2 abf — 4 
„e +1 „dere + 8 
wor EI 
= aj 
8.16 9,19 
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ab — 2 Yo, yy 


K=a'(| ade +3 abi + 4 abe + 1 abda 6 (Ya, y) 
a'bf + 2 , dè —I8 abdf + 6 abc + 2 
„bce — 2 abed — 18 acde — 15 „od“ —18 
a'b'e?— 16 bef- 2 abe'd — 30 
„def — 5 5,0ce— 2 adef — 9 
se + 1 „ef — l abe 8 
„beef— 5 
=@k „Ĉe + 3 
7.18 8.16 9.19 10.22 
L=a(|adf -3 æbd — 3 a'de -12 ab — 6 ab? — 1 | a%è?d + 15 læðde — 7 
Wbef—2 |abc— 7 |æðf- 9 | „d? — 39 abdf+ 39|abe — 9|atbf — 7|,bd + 3 
„ce +2 |acd+42|,,bce + 9 | afbed+ 40|, ede — 14 „ed? + 18|,, be +14 | asbred+ 10 
a'be'+28 | acdf +63 ab 59 |abef+ 16 |a'be'd— 33|, dif +12|,,de + 2 
„eef+ T |abe'f+42|, beft T|„bere— 12], def — 3labedf+23 ab +13 
„ Ce —42 „ce — 1|,f + ljabeë + 15], ccdde—26|, bef + 4 
acd —210 |acrdf—105 | „ bcef+ 2l) a?b??f+25 | „bee — 2 
avbe* —140 | abf- 70 |,,c te? - 12|,, bee — 53 | „c?d? — 15 
„ e%f- 35|,,cte + TO acid +126), cef — 7 | a?bcd — 28 
abe’ + 84|acdf +21 |,,cdef— 7 
„ef + 21 labe +14 |abict —19 
„ee —14|,,bc%ef—10 
nde + D 
add — 6 
abe — 4 
= al ” def — 1 
d. E 15, 20 9.23 10.26 11.29 12.32 13.35 14.38 
ail abd 3 | dide — 1 | a — 1. [Yo y) 
abc — 1 abf 1 |o» bP + 3 
„cd? + 9 „ce + 2 abed + 6 
a bcd + 12 „af + 9 „de + 1 
„def + 3 abedf + 12 aber + 5 
ade + 4 „ cîde -- 12: | „bef + 2 
„ beqf + 2 | Gr + 4 | „bæ — 1 
k + AT dide áo 8- diwî ~~O 
„eef — 1 abed — 12 
„edef — 3 
abc! — 4 
„beef — 2 
= atm | wre +e E 
10.22 11.25 12.28 
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TABLE No. 97 (continued). 


abe +1 | abe + 4 abde + 12 ab + 4 | abe + 2 
abdf +6 | „ed? +36 abf + 6 „OP + 12 | „de + 9 
„ede —6 | abt — 16 „Oce — D abcd + 8 qêb?df + 6 
abf + 4 „beef — 8 „df + 54 „de + 4 „ bede — 10 
„bee — 8 „ee + 4 abedf + 36 abc? — 12 ae — 2 
„ef —1 „ ede — 36 „Ref 4 „bee — 11 
„ed? — 108 „ef — 3 
abd — 96 „cdf — 18 
»cdef— 24 ; + 1 
abre — 16 a bedf— 18 
„bcef- 8 „ede +18 
yee iu 2 vbref— 4 
„bete + 8 
= an „cf + 1 
| 
9.19 10. 22 11.25 12.28 13.31 
O=as(| dbe + 3 bd — 6 (Ya y) 
„de + 9 „ad“ — 54 
a Pdf + 12 able — 2 
„ bede — 12 „De + 1 
abef + 8 „bed? — 18 
„ dee — 20 abed + 24 
„def — 4 „odef + 18 
„ eê + 1 ,cde — 12 
abo + 8 
„ Beef — 8 
„bee — 10 
= atò „ef — 1 
11,03 12.24 
P=a‘(\abde - 2|ab — 2 ae - . 5| «èîd - 8latde+ Gjat + 2 
¡a — 1|,,bd? + 12 | „de — 9|,d' - 72| abif + 5 | , bd? +12 
„af — 9 | abed- 10 | a'b'df— 24 jati + 4) ,,b%ce —13 | abed — 2 
abedf—12|,,de? — 5|,bede+ 44|,,02? — 1|.,,bdf +21 | „bde — 3 
„ede +12 | abe — 2|abef— : 6 | „ bed?-- 24 | „ ed?e —21 | „cd? —36 
bef- 4| „ bef- li, bee+ 36 | abed+ 52 | abedf- 4 | abi? —12 
„bee + 8], bce? + 3|,bef+ 6) ,, bdef+ 101 , be?de+ 10 | „bef — 5 
„cf + l1) „edê +- 90], cdf+ 90|,,cd?+ 8| „def + 4 | bee p 4 
abed+120|„ce® — llabeë + 41 abef—-17 | ,, be'd?— 66 
„edef+ 30 | a be?df¬ 120 | ,,breef— 2| „bee +44 | def — 18 
wbt + 40 |, de - 120 | „ be + 2| , bee'f+13 | a'be'd — 10 
„beref+ 20 | abe f+ 40 „ed? —180 | ,, edif-45 | , bedef- 4 
„ce = 10|, bce = 80 |, ef + 1|, ce — 5 | ,, cede? + 1 
»cef— 10 | abcd —240 | aberdf-60 | abet +14 
, edef- 60 | ,, cide +60 | , bcef+11 
ade — 80 | abe'f —20 | „dee —11 
„beef— 40 | „bee +40 | „ed? +18 
„ee + 20], Ger 5 | ,cef — 1 
a bod +26 
„ Cdef+ 6 
abe + 8 
„beef + 4 
= dp | „oe - 2 
11.25 12.28 13.31 14.34 15.37 16.40 
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Ya, y) 


Ya, yy 


693] 


Q=a' 


S=aŝ( 


ab — 2 
„od“ + 18 
abcd + 22 
„ode + 3 
„ed? — 54 
ab’ + 12 
„Def + 5 
an Deg — 4 
, bed? — 108 
» d’ef GE 27 
abed — 72 
„ bedef — 36 
„ede + 18 
æl 16 


abd’e + 9 
a'bdf + 7 
„cde — 12 


A TENTH MEMOIR ON QUANTICS. 


TABLE No. 97 (continued). 


Hala - l|at^ + 2) ee + 1 
ab + 1|,0d + 6 | abadf + 3 
„oce — 3 | abcd 2 | ,, Bede — 11 
„Pf — 9|, bòdé — 2 |, BF — 27 
arte + Dl, ed? = 641 „de. — l 
a bcdf — 12 | abte? 8 | abo + 1 
„bede + 24 | „bef — 4 | „Dee — 7 
„def + 3 | „die + 2 | „Def — 2 
abet — 4 | „bed? — 72 | ,, bedif — 45 
„ce +12 | „def —18 | „be + 1 
„beef + 3 | abed — 24 | „de + 45 
„ce — 1 | „dedef — 12 | abe'df— 24 
„ede + 6 | „bede + 48 
af — 4 
„Oce + 12 
„beef+ 3 
„ce — | 
sor | 
13. 14.30 15.33 
btd + 15 ab’de — 6 ats "uos 
yòdi - 27 „die mi DI SO ee | 
adic + 3 Ge. = A „Ut Í 
„Od? — 99 „De + 9 acd + 18 
„de — 18 Uu Eg „Ode + 6 
bed — 114 „ bed`e — 18 „bed? — 54 
„odef — 33 ab’edf — 9 aber + 15 
„ bede? + 12 Pede + 24 ber ONE 
„ed? 4162 „odef + 3 Bed? — 36 
abe — 24 „edf + 8l a Cee | 6 
„beef — 9 , cde — 3 bed? — 27. 
„Dee + 9 ab + 6 ,bd?*ef - 9 
„bed? + 324 „Dee — 18 „od“ - 9 
,cd?ef + 69 „ Beef 9 Bed — 54 
a b'e'd +216 ,, bed?f + 162 „Dedef- 27 
„ be?def + 120 OĈ ses a „bede + 3 
„ede — 54 „ede — 162 ¿eds — 54 
aber + 48 a Pdf + 108 „der — 2 
„beef + 36 „beide — 216 abit — 24 
„ bete? — 36 „edef- 97 „beef — 21 
wel =. 8 bef + 24 Bee + 21 
„De — 72 „bed? — 108 


„beef - 18 


def + 2 


” de "E 6 2 edef - 21 
abd - 72 
„be'def- 36 
„de + 18 
ab — 16 
,, Dictef — 12 
„ode + 12 
weer p d 

17.39 18. 42 
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TABLE No. 97 (continued). 


abide + T ach? + 2 
»0d'e + 27 ba a see 
Ea R d Abed 10 
„De - 2 „de ui 8 
„Pf DU „bed? — 54 
„Dede — 54 a W = (AE 
wd Pee 8l abi? — 14 
4 UN ERL DA K = 
abiedf + 16 » UO ad c B 
„Dede — 76 „bed. — 84 
,Udef - 12 | „def - 27 
„ beæf —216 „Gd +: 9 
„bede' + 5 sedi, +162 
„ede +216 aed - 8 
ace — 8 „becdf + 4 
„ Dr — 216 „Bode + 18 
5,008. 42 „bed? +432 
„ be?d + 432 „def + 3 
„edef + 54 „ed’ef + 108 
ab’edf — 96 ¿aleta | 
„b’ctde +288 auc + 16 
„ be?dêf' + 72 „beef + 20 
„Ede - 24 „Die - 24 
abictf — 16 „bed? +432 
„Dee + 64 „beef -— 5 
„Deef + 24 » be?d?ef + 216 
bee — 16 5 00g 55, i 
M = VI „cade 2108 
abd +192 
„ b%e?daf' + 144 
„beide — 144 
„ def — 12 
abs — + 32 
poe + 32 
A Dee 48 
„beef — 8 
Sdt d ee + 2 
19. 41 20. 44 
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We, y) 


U= 


ebd — A 
„d? + 14 
ae - 2 
a“b'e - 1 


PR 11 
„bed - 81 
acd + 32 
„odef + 10 
„cede — 6 

bed: — 144 
„bef — 18 
„ede — 18 
abe + 8 
„Def + 4 
se =. 6 


pod” — 152 
„ b?cd?ef — 60 
»0cd*8 + 6 
” def E 4 
ab'd — 80 
„edef - 56 
„Pde + 48 


„bedef + 2 
„ege Vani 
abo —- "16 


„bef + 16 
„Bea + 24 
beef + 4 
„bee + 1 


= au 


21.45 


[693 
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A TENTH MEMOIR ON QUANTICS. 


TABLE No. 97 (concluded). 


abs — 4 
Sid? tiva 5 
abcd + 20 
sode: 4°23 
nbed +108 
„dt“ + 81 
arre? + 28 
„ep = Ab 
, Dice?  - 20 
„bd“ + 168 
„ 0^d?ef/ + 78 
„bode — 72 
dd — 324 
» d'ef - 8l 
„de — 6 
bed + 16 
y Oicdef + 8 

bede — 112 
„Bed? — 864 

bdef — 18 
„ bed`ef — 432 
Bedeu T 
„cd? + 216 
o”bsci — 32 
seee — 40 
„Bee + 40 


„Beef + 10 
„ be def — 648 
„bede + 648 
„edef + 54 
abd — 384 
„def — 384 
Pade + 576 


„dE — 24 
abc! — 64 
, — 80 
y Dice? + 160 
,Ucef + 40 
vw Dei — 20 
aW (= l 
= a» 
22.46 


a®b’e — 2 
„ode — 48 
„ode - 162 
ab’df - 6 
„cde + 8 
a df — 144 
„Ude + 8 
„ rede + 324 
„ef + 486 
„de + 63 
acf — 2 
noce + 18 
gues + 7 

bicd?f — 144 
„We . — 9 
„Pde + 648 
,Ud'ef. 99 
„bed*f + 1458 
„ode — 9T 


ede — 1458 
edf — 32 
„ode + 208 
„Bedef+ 20 
„ Ded? f + 1728 
»Oede — 40 
„bde — 3456 


„def — 3 
pedbef — 432 
„cd + 1 


a'bic'e'f — 20 
„ ed? f + 1008 
„Dee + 20 
„ d”c'd”e — 3024 


PE ^a a = 1 
„cd + 252 
abieidf + 288 
„b"de — 1152 
„ b'e'de'f— 432 
„beide? + 288 
„edef + 18 
acf + 3 
„bie — 160 
„Deief — 80 
OU +. 80 
„beef + ` 10 

2 


4,5 = 
„Ce 


23.49 
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TABLE No. 98. Covariants of A, divided and (except as to a few coefficients) segregate. 


A and B as given in Table 97 were divided and segregate. 


C was divided but not segregate: the divided and segregate form is 


c+l F+3 ab + 3 ae + l æd + 6 ai +3 ab? —1 [fx y). 


C=( 
ate? — 15 acf — 10 abe— 3 wef +3 sh +1 
je +15 acd — 4 
act .— 1 

2.6 3.9 4.12 5.15 6.18 1.21 8.24 


D divided and segregate is 


D=a(| del | ¿+1 | a? —1 | al —1 | Qe, yy, 


| Gh vel acd — 1 
| Wed — 3 
p: + 4.6 5.9 6.12 


an integer non-segregate form of the fractional coefficient is 


Ĝi wd 


df + 1 


E was divided but not segregate: the divided and segregate form is 


E=(| e+1 ad — 6 ai +12 ab — 8 abe — 5 ag —1 | Qa, yy. 


abe-10 | a’ce- 10 PI T ef Ai er, 
acd — 24 aci — 12 pP 
abe? + 20 die + 5 „ch +2 
acd + 6 
abc? — 2 
9.5 4.8 a K 6.14 pËr të 8.20 
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TABLE No. 98 (continued). 


F was divided but not segregate: the divided and segregate form i 


A TENTH MEMOIR ON QUANTICS. 


371 


+ 3 
| uk ee VA 
(If+1|ab+ 2|ae + 1l|ad+ 34 | a% + 40| ad? — 16 ae — 21| ag — llak = 4 ab — 9 Toy) 
a*c*—18 | arçf—36 | a?bc— 42 | ce — 35 | „h — 5lal — 8|abd+ 18|abi + 1/,0h + 3 
ac? + 168 |a'ef+126 | acd + 46 | „ci — 16 | abe — 18 | atbce+ NN - 1 
qabe + 155 | arce + 189 | „ch + 38 |„cl — 8 |a'bte?+ 4 
ato“ +252 | ef- 252 | med — 174 | ai -16 |, ch— 5 
aber — 86 | ace —13 | add +16 
we 4 79 |a 9 | abet + 4 
kaa - 2 
a ee 4 9.27. 10180, 11,38. 13.88 - 


where for an integer non-segregate value of the fractional coefficient, see the original 
form of F. 
G as an invariant was divided and segregate, G = a! g. 


H divided and segregate is a ; 
H-a(| hel be + 2 ag + 1 ak + 2 aj + 2 |, vn, 
l — 4 abd — 12 abi — 8 aU + 4 
ach — 6 a'bce— 6 „bh — 5 
„cl +12 „ej + l 
abed + 12 
ach+ 3 
Ao A Ar 1,13 108” V 
where the fractional coefficients are = 
ade + 2 ab +2 
abf + 4 „d” +6 
„bee — 6 abed — 2 
„e + 4 a'b'e? — 8 
Se 5 
„eh rl 
„c rl 


47 —2 
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TABLE No. 98 (continued). 


I divided and segregate is 


A TENTH MEMOIR ON QUANTICS, 


[693 


= 3 + 3 + 3 
I=@(\i+1la® - ala + 5| æbd-20 lak — 5| aj — 4|abe + 3 | Ya, y), 
„h+ 2 | aci—15 | a'e?d +60 | abi — 25 | ab +10 | „bl + 9 
a*cd — 18 acl -30| dh = 8|,ck — 5 
ac + 45 | „eg + 4| „fg — 3 
abed— 6 | abi — 8 
abc - 18 | abf — 9 
»€h — 6 | „bee — lo 
acd-54 (el + 3 
di — 3 
4150. ah 6.12 7.15 8.18 9.31 10,24 
where the fractional coefficients are = 
ade — 5 ab + 2 abe + 1 
abf+ 5 „Æ —12 abdf + 3 
„oce — 5 «bed — 2 „ ede — 5 
ati — 5 q b?c?-- 6 a bef + 1 
»edf+30 | eh — 2 | „ble 5 
„ee 2 „ef —1 
aed — 18 acti +1 
„edf — 3 
J divided and segregate is 
J-a(j, -nda, y). : 
5.6 6.4 
K divided and segregate is 
Z=a(| k+1 | aj —2 | an +1 | am —3 | Yo, y). 
ab + 6 ack — 3 ag +1 
ere alc — 2 
neg + 3 „beh+ 3 
»eg-1 
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TABLE No. 98 (continued). 
L divided and (as to first six coefficients) segregate is 


+ 3 = 3 
L z (| +1 | abd —3|ak— 4ladj — 13 |am — 3|am - 1 a'ède - 7T|ab — 2 Tie, y), 


abe -T | abit l|ab — Blo — 45 | æbd + 13 gf — T7 | „bd? + 3 
„ eh +7|0%1-21|,,bh — 5|,ck— 20|,,cj + 3|,,0ce 14 | abcd + 10 
„eg + 10|abci— 10| abc - 13 | „d?/ + 12 | „de + 2 

abed + 30 | acl + 105 | „bch +29 | abedf + 23 | abe? +13 

abe + 105 „eg — 16 | „c?*de — 24 | ,, bef + 4 

„ch — 105 abe'd— 3 | ab?cf+25 | „dee — 2 

aŭ — 21 | bee — 55 | „cd? — 15 

„ Sh +221 | „l — 3 |abed — 28 

»Cfh 2| „edef — 7 
„eaf- 7 | aiaa —19 


„ be?ef — 10 
„ok — 1 
„Ce + 5 
sedo qur Ac a 
a 8.10 41.40 8.16 9.19 10. 22 11.25 12. 28 


where the fractional coefficients are = 


ab — 6 abe — 1 
yd + A abdf + 39 
abed + 26 „ede — 22 
abe + 31 bef + 16 
„bef + 7 „ be?e-- 4 
Waaa 7 „ci +19 
væ 1 OE 
„fl — 14 „ef +1 1 


the last two coefficients have not been reduced to the segregate form. 


M divided and segregate is 


M=d(| m+1 | bk=1 | aj —1 |z, y). 


p-1 | adg +1 
„'em--1 
6.2 Tið 8.8 
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TABLE No. 98 (continued). 


N divided and segregate is 


N=4(| nel cj + 4 ap — 6 a'bj — 4 do +1 | Ya, y). 
en — 6 „dg + 4 abn — 1 
ab + 8 ap +2 
„ PA - 12 wen + 1 
„beg+ 4 
„em — 8 
acy — 4 
6. 4 Taŭ 8.10 9.13 10.16 
O divided and segregate is 
a 
O=a"(| o+1 Ug +1 (Ma, y). 
bm + 6 
df — 6 
gh — 1 
Tl 8.4 
P divided and (as to first three coefficients) segregate is 
P=æ(| pel | abj + 8 | do +7 | adm + 8 | ap - 3 | ay `+ 2 | Yury)’ 
„dg — 5 abn — 2 »dj + 3 afp — 3 | ,bdg — 2 
abt — 14 a'cp — 14 ab’d + 9 „em + 2 | dbem + 2 
„bh +15 „bej +13 abide+ 3 | „bek = 1 
„ beg - 5 „ bdh= v »bdl + 3 | „ep - 1 
„em +10 „ cdg — 12 »0fj + 8 | abed +24 
së — 81 „di -27 | „bej — 6 
abc — 5 „deh — 3 | „bedh —33 
»Uch- 8 | „dy — 8 | „edg +15 
y De? — 1 abee — 7 | „cx —54 
„beg— l 500 1.1 ME 0 
„d- 9 | „be + 9 | abe + 8 
„dei — 1 » bedi— 9 | „Berk — 11 
„bfk + l „ 0ceh + l0 | „beg + 3 
„em — 12 „ e?eg — 3 | „bed —18 
y dei + 9 | ep + 9 | ,, bck - 1 
„eh + 1 ,ede+l8 | „cm — 6 
»Jp = 2 „em + 4 „op + 2 
„ofk + 3 
| 
EL A E 9.11 10.14 11.17 12.20 


the last three coefficients have not been reduced to the segregate form. 
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TABLE No. 98 (continued). 


Q as an invariant was divided and segregate, Q—a” q. 


R divided and segregate is 


8.2 9.5 10.8 


where the fractional coefficients are = 


Vj +2 bdk +3 
bdg — 2 bej +1 
dm — 6 cr +1 
deg — 1 
dp +3 


S divided and (as to the first three coefficients) segregate is 


S=a"(| s+1 | ag - 2 | abr-1 | abg + 4 | Yo, y), 
abg + 2 „do- 1 abj + 


„Um + 3 aves — 3 „dg — 
„ bdj + 21 „bdm — 81 
„bgh — 4 dj = g 
„eg + 2 a + 4 
„oj = 3 ,Ud* +_16 
„bæh — 24 
„den + 4 
| Trika 

9.3 10.6 11.9 12.12 


but the last coefficient is neither segregate nor integer. 
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TABLE No. 98 (concluded). 


T divided and segregate is 
+ 2 


Tel 4441 bgm +1 | Ya, y), 
b +4 
dgj — 3 
Aq —1 


11,1 12.4 


where the fractional coefficient is = 


bg — 1 
hy +1 
m +6 


U as an invariant was divided and segregate, U=a® u. 
12.0 


V divided and segregate is 
+ 6 


Y=a"( wa bgr- 5 EN y), 


bio — 19 
gjk 5 
js — 12 
ng — 9 
(za 14,4 
where the fractional coefficient is = 

dt —6 

mr — 6 

ng +1 


W as an invariant was divided and segregate, W =a” w. 
18.0 
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Derivatives. Art. Nos. 382 to 384, and Tables Nos. 99 and 100. 


382. I call to mind that any two covariants a, b, the same or different, give 
rise to a set of derivatives (a, b), (a, bY, (a, by, ke. or, as I propose to write them, 
abl, ab2, ab3, &c., viz.: 


abl =d,a.d,b— da. db, 

ab2 = da.d,?b — 2d, dya.d,dyb+ dän, db, 

ab3 = dja. db — 3d,?d,a . d„d?b + 3dydy?a .d,’d,b — dja. db, 
&c. 5 


or, as these are symbolically written, 


abl=12a,b,, ab2=12'ab, ab3= 12'a,b,, fe: 
where 
d d d d 
12= £m, — Em, 7 da, dy, da, dy,’ 


the differentiations de ; à applying to the a, and the & ; d 
but the suffixes being ultimately omitted: hence if 0 be the index of derivation, the 
derivative is thus a linear function of the differential coefficients of the order 8 of 
the two covariants a and b respectively: and we have the general property that any 
such derivative, if not identically vanishing, is a covariant. If the a and the b are 
one and the same covariant, then obviously every odd derivative is =0; so that in 
this case the only derivatives to be considered are the even derivatives aa2, aa4, &e.: 
moreover, if the index of derivation 0 exceeds the order of either of the component 
covariants, then also the derivative is =0: in particular, neither of the covariants 
must be an invariant. The degree of the derivative is evidently equal to the sum 
of the degrees of the component covariants; the order is equal to the sum of the 
orders less twice the index of derivation. 


applying to the b,, 


383. It was by means of the theory of derivatives that Gordan proved (for a 
binary quantic of any order) that the number of covariants was finite, and, in the 
particular case of the quintic, established the system of the 23 covariants. Starting 
from the quantic itself a, then the system of derivatives aa2, «a4, e. must include 
among itself all the covariants of the second degree, and if the entire system of these 
is, suppose, b, c, &c., then the derivatives abl, ab2, &c. acl, ac2, ke. must include 
among them all the covariants of the third degree, and so on for the higher degrees; 
and in this way, limiting by general reasoning the number of the independent 
covariants of each degree obtained by the successive steps, the foregoing conclusion 
is arrived at. But returning to the quintie, and supposing the system of the 23 
covariants established, then knowing the deg-order of a derivative we know that it 
must be a linear function of the segregates of that deg-order; and we thus confirm, 
à posteriori, the results of the derivation theory. I annex the following Table No. 99, 
showing all the derivatives which present themselves, and for each of them the 


n ge = 48 
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covariants as well congregate as segregate of the same deg-order: the congregates 
are distinguished each by two prefixed dots, ..bf, &c. No further explanation of the 
arrangement is, I think, required. We see from the table in what manner the 
different covariants present themselves in connexion with the derivation-theory. Thus 
starting with the quintic itself a, we have the two derivatives aa4, aa2, which are 
in fact the covariants of the second degree (deg-orders 2.2 and 2.6 respectively) 
b and c. For the third degree we have the derivatives ab2, abl, ac5, ac4, ac3, ac2, 
acl: the deg-order of ac5 is 3.1, and there being no covariants of this deg-order, 
ach must, it is clear, vanish identically: ab2 and ac4 are each of them of the 
deg-order 3.3, but for this deg-order we have only the covariant d. and hence ab2 
and ac4 must be each of them a numerical multiple of d; similarly, deg-order 3.5, 
abl and ac3 must be each of them a numerical multiple of e; deg-order 3.7, ac2 
must be a numerical multiple of ab; and deg-order 3.9, acl must be a numerical 
multiple of f: the 7 derivatives, which primá facie might give, each of them, a 
covariant of the third degree, thus give in fact only the 3 covariants d, e, f; and 
in order to show according to the theory of derivations that this is so, it is 
necessary to prove—l”, that ac5=0; 2°, that ac4 and ab2 differ only by a numerical 
factor; 3°, that abl and ac3 differ only by a numerical factor; 4°, that ac2 is a 
numerical multiple of ab: which being so, we have the 3 new covariants. The table 
shows that | 


for degrees 2,3, 4, 5, 6, 7, 8, 9,10,11,12,13,14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24 
No. of derivatives = 2, 7, 19, 29, 41, 46, 52, 46, 44, 35, 26, 19, 17, 12, 13, 6, 6, 3, 3, 1, 1, 0, 1 
so that the whole number of derivatives is 429, giving the 22 covariants b, c,..., w. 


While it is very remarkable that (by general reasoning, as already mentioned, and 
with a very small amount of calculation) Gordan should have been able in effect to 
show this, the great excess of the number of derivatives over that of the covariants 
seems a reason why the derivations ought not to be made a basis of the theory. 


It is to be remarked that we may consider derivatives pol, pq2, &c., where p, q 
instead of being simple covariants are powers or products of covariants, but that 
these may be made to depend upon the derivatives formed with the simple covariants. 
(As to this see my paper “On the Derivatives of Three Binary Quantics,” Quart. 
Math. Journal, t. xv. (1877), pp. 157—168, [681].) 


TABLE No. 99 (Index Table of Derivatives). 


Deg. 2 3 
Ord. | 0 2 4 6 1 3 5 7 9 
b c d eta 
aa 4 2 ab 2 1 
a 5 4 3 2 1 
2 derivs. | 7 derivs. 
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TABLE No. 99 (continued). 


Deg. 4 5 
Ord. REA - 19 ka Ur. 9 fH — 15 
g p i ad ae ad jo k ag be oi a æd 
h be e bd. i ah ...bf - abc 
ae 3 2 1 cd ce 
ae 5 4 3 2 1 ane. ĝ et 
af 5 4 2 1 dee DB 4 E 1 
bb. .3 6473 1 
be 2 1 be 3 “sd 
ce 6 4 2 bf Br hel 
cd dT 1 
ce 0 4 2.1 
cf 6 & 079 2 1 
19 derivs. 29 derivs. 
Deg. 6 
Ord 0 9 4 6 8 10 12 14 
bg n aj ak wg abe ab? 
m b? bi abd al ah 
bh de bc ci acd 
cg ch e df «bel 
d? ag ef 
aj 1 ; 
ak ` 3 2 1 
al 5 4 3 2 1 
bh 1 
bi 2 1 
ch 4 3 2 1 
ci 6 5 4 3 2 1 
dd 2 
de 8 2 1 
df 3 2 1 
ee 4 2 
ef 5 4 3 2 1 
FF 8 6 4 2 
41 derivs. 
48—2 
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TABLE No. 99 (continued). 


Deg. 


Ord. 


bl 2 1 

ci 1 

ck 3 2 1 

cl 6 5 4 2 1 

dh 3 2 1 

di 3 2 1 5 
eh 4 3 2 1 

ei 5 4 3 2 1 
Sh 4 3 1 

Fi 6 5 4 2 1 


46 derivs. 
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TABLE No. 99 (continued). 


Deg. 8 
Ord 0 2 4 6 8 10 12 14 
P r b'g as abj abk abg an 
q bm bn ady aeg am . . abe 
dj dk bf ap ab?d abl 
gh ej Uh bri acj ack 
gi beg . . bde .. adh adi 
bd? on be qeh, 
cm . dl beh afg 
ek WA] . « be? bei 
hë hi cg . bdf 
„„ od* . ede 
"UM 
NJË 
Lu 
ao 1 
ap 5 4 3 2 1 
bm 2 1 
bn 2 1 
cm 2 1 
cn 4 3 2 1 
dj 1 
dk 3 2 1 
dl 3 2 1 
ej 1 
ek 3 2 1 
el 5 4 3 2 1 
fi | 
Sk 3 2 1 
Fl 7 6 5 4 3 2 1 
hh 4 2 
hi 4 3 2 1 
ü 6 4 2 
52 derivs. 
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TABLE No. 99 (continued). 


Deg. 9 
Ord. 1 3 5 Ké 
Ei bo ag” ar 
gk aq Vk 
8 p beg 
bdg bp 
dm co 
hj -. dn 
.. em 
gl 
. Ak 
Uv 
ar 2 1 
bo 1 
bp 2 1 
co 1 
cp 5 4 3 2 
dm 2 1 
dn 3 2 1 
em 2 1 
en 4 3 2 1 
fm 2 
Sn 4 3 
hj 1 
hk 3 2 ] 
hl 4 3 2 
ij 1 
ik 3 2 1 
al 6 5 4 3 
46 derivs. 
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TABLE No. 99 (continued). 


Deg. 10 
Ord. 0 2 4 6 8 10 12 
bg? br ag) abo ag ær 
bq do bg agk ag . abk 
gm gn bm as ab"j abeg 
X jk bdj Un abdg abp 
bgh ..bdk .-. adm aco 
eg? . . bej ahj adn 
cq bgi PËS i aem 
dg or bh agl 
e ..deg beg ahk 
hm  ..dp o“ ay 
k' . hn bem b 
im bek . v Pde 
jl . bh? ben 
edj .. bdl 
egh . + Off 
Ph . bhi 
eg . edk 
ep . CG 
„fo egi 
in - di 
kl . . deh 
dfg 
as 3 2 1 
br 2 1 
cr 2 1 
do 1 
dp 3 2 1 
eo 1 
ep 5 4 3 2 1 
fo 1 
Jp 5 4 3 2 1 | 
hm 2 1 | 
hn + 3 2 1 | 
im 2 1 | 
in 4 3 2 1 | 
Jk 1 
jl 1 
kk 2 
kl 3 2 1 
u 6 4 2 
44 derivs. 
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TABLE No. 99 (continued). 


Deg. 11 


Ord. 1 3 5 7 9 
go bgj bo abg* abr 
t dg? bgk abq ado 
dq bs agm agn 
jm .. dr aj? ajk 
eg? 55 bk 
eq bdg a. Beg 
gp .. bdm bp 
ho bhj bco 
jn cgj . < bdn 
km i OJ . . bem 
. dgh bgl 
er . bhk 
10 sı. bij 
kn cik 
cs 
. dk 
. dot 
. . egh 
Ju 
Ja 
.. Ap 
lm 
bs 2 1 
cr 3 2 1 
dr 2 1 
er 2 1 
Jr 2 d 
ho 1 
hp 4 3 2 1 
10 1 
ip 5 4 3 2 1 
jm 1 
jn 1 
km 2 1 
len 3 2 1 
Im 2 1 
In 1 3 2 1 
35 derivs, 
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TABLE No. 99 (continued). 


Deg. 
Ord. 


26 derivs. 
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TABLE No. 99 (continued). 


Deg. 13 
Ord. 1 3 5 
Jj bgo ag? 
jq bt agq 
© Pk au 
gs b"aj 
jr bdg? 
kg bdq 
mo bjm 
. dym 
M 
ghj 
. kr 
. NO 
bt 1 
ct 1 
hs 3 2 1 
is 3 
jr 1 
kr 1 
Ir 
mo 1 
mp 2 1 
no 1 
np 4 3 2 
19 derivs. 
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TABLE No. 99 (continued). 


Deg 14 15 
Ord 0 2 4 6 8 1 3 5 
bg? bgr ..agj — abgo Po be? boo 
byg om aja A gt tg b 
0 
gen d Big" ago i M bps 
gj? gn bîq jr dgq bjr 
mq gji ` Son akq du big 
d d 8 <A bir amo gn bmo 
mr j dou 
ng boah . bdo öj djo 
bhq ban eg” 
bko bjk ego 
bm? .. bdgk vii 
eg? . bds De 7 
cg . » begj gho 
. ée Si pot 
sá gkm 
dq. bîq ht 
dim  ..bjp jh 
ego . bmn eee 
. et cgr Pq 
.ghm ` ao 
B. omm EN 
ks .. deq M 1 1 
nr .'. dap 4 1 
op .. dho 8 1 
. . din = 2 
diem kiaj 2 1 
Û or 1 
ejm 
ng pr 2 l 
gim 
ET 
, hjk 
e. Y 
dt Æ 
et 1 
fi 1 
Js 1 
ks 3 2 1 
ls 3 2 1 
mr 2 1 
nr 2 1 
op 1 
Pp 1 2 
S S 
17 derivs. 12 derivs. 
49—2 
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TABLE No. 99 (continued). 


Deg. 16 
Ord. 0 2 4 6 8 Col. 8 concl. 
g' gr big? agro . . aby’ 
99 gjo b'gq agt abjq ekq 
gu jt bu abv emo 
P qr bg?m . Bor ad gh 
baj” b'jo adgq gir 
bmq ..bdgo ..adu gkp 
bo? . . bdt agjm glo 
Ag bg^n aĵ gn? 
djq bgjk .. aor kq 
dv bjs big? hko 
gh .bmr bio hm? 
ghq ‚Ing bm ijo 
gko dek DP jkn 
gm? ..dgs dd; m 
hu dr Ph lt 
jm .. diq bhq ps 
kt ..dmo .. ko 
08 UM» ES LL 
p egj beg? 
ev begq 
P bou 
.ghr  .. Dë 
gig . bda 
- JIP . . bdjm 
.gmn ..bego 
. hjo „. bet 
. iu . . bghm 
Jn . . byk? 
. jem . dh” 
. . bks 
. . ber 
. . bop 
cg^m 
caj” 
emq 
d 
.. gm 
MAN id 
. dghj 
.. dkr 
. dno 
ek 
. egs 
. ejr 
l 
do 1 
ev 1 
fo 1 
jt 1 
kt 1 
lt 1 
op 1 
08 1 
pp 4 2 
ps 3 2 1 
13 derivs, 
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17 18 
1 3 5 0 2 1 6 
gj bgo ag w bg ` y ag.) 
gja bgt ` oo bg°q bgjo agjq 
gv bag agu bgu bjt ago 
ju gk 2 bg? bar aju 
gs VI gm de bg 
gr biq gy dot bg 
"gkg Do gmq dog bu 
gmo bdg’ go gn Pm 
fo bdyg Jjq gjk bg 
ku bdu jo ge p 
mt  bgjm mu ..gmr .. bo 
qs jë ot gng  bdgj 
.. bor «Pr bdjg 
. . dm dkg ..bdo 
.. daj? .. jmo bg?h 
.. dmg kv bghq 
.. do? nu . « bgko 
gj "Hh cae 
e bhu 
.. gno opm 
hjq . bkt 
ho . bos 
Ke eg‘ 
nt eg 
78 egu 
h Á pp 
v 1 OA 
iv 1 .. Pog 
m 1 du 
nt 1 e. dgjm 
Mo H na UY 
. dor 
. eo 
egt 
. eoq 
g’hm 
gx 
. ghj’ 
.. gks 
. gur 
. gop 
. hing 
. ho? 
„jkr 
«O 
. kmo 
. mê 
“e 2ê 
T. 
jv 1 
PA 1 
lw 1 
ot 1 
pt 1 
88 2 
6 derivs. 6 derivs. 
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19 
1 3 
go — baj 
gt bajo 
000 bgv 
ou bju 
qt dy 
ag. 
. dt 
de? 
gm 
“IJË 
.. gor 
ng 
váða” 
MO 
oe PE 
m 1 
nv 1 
rt 1 
Rise = 
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TABLE No. 99 (concluded). 


3 derivs. 1 deriv. 1 deriv. 1 deriv. 
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384. The Canonical form (using the divided expressions, Table No, 98) is peculiarly 
convenient for the calculation of the derivatives. Some attention is required in regard 
to the numerical determination: it will be observed that A is given in the standard form 
(Ay, Ai, As, Az, As, Ae, y), while the other covariants are given in the denumerate 
forms B=(B,, B, Ja, y? Ge: these must be converted into the other form 
B=(B,, B, Bie, yy, C=(Co, 40, 40, 3,0, defi, 105, Ode, y), ke, the numerical 
coefficients being of course the reciprocals of the binomial coefficients. We thus have, 
for instance, the leading coefficients, 


l.c. of AC2 = 4,. 40, — 2. A,.4C,+ A,. C 
but 


” » BC2 = B,.450, — 2.4B,.1C, + Bu: Nn 


Moreover, as regards the covariants 442, 444, Ze, we take what are properly the 
half-values, 


Le of AA2= A,A,— A? (instead of 4,4, — 24,4, + 4,4,), 
II ” AA4 = A,A, zm 44,4, + 34 (instead of AA, PN 44,4, + 64,4, -— 44,4, Au së A,A,), 
&c., 


and similarly 
Lc. of BB2 = B,B, — (By, 


DEEST CC2 = C, ° 150, ie GO), 
&c. 


Any one of these leading coefficients, for instance lc. of AC2, is equal to the 
corresponding covariant derivative, multiplied, it may be, by a power of a: the index 
of this power being at once found by comparing the deg-orders, these in fact differing 
by a multiple of 1.5 the deg-order of a. Thus , 


aa2, A,A,— Ap, deg-orders are 2.6, 2.6: or aa2 =4,4,- 4? 


1 
aad, A,4,— 44,4, t 342, deg-orders are 2.2, 4.12: or aa4 = (4.4, — 44,4, +34); 
we have in fact 
AA, - 47?=l.c—-0”=c : and aa2 = c, 
A,A, == 44,4; + 3A: = 1 . (ab == 3c?) sr 4 . 0 fr 3 . e, = ab: and add = b. 


As another instance, and for the purpose of showing how the caleulation is actually 
effected, consider the derivative ch2, which is to be caleulated from the leading 
coefficient of CH2, = 0,.1H,—2.40,. 1H, +402. Ho: this is 


= e (Ja?g — 2abd — ch) 
—2.4f (tbe — 1) 
+ (ab — e?) hı 
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=column next written down; but this column contains congregate terms which have 
to be replaced by their segregate values (see Table No. 96, deg-order 8.16); and we 
thus obtain 

dj db 1 «ey abod bi ch 


ole 
Hi 
NM 
=> 
SL 
GE) 


+ tæcg ++ | | 

— 2abed | — 2 

— Aber - $ +3 +2 

— 2c*h — 2 

„fl à 3 a EES 
so Pose 4e SANT YOU an 


viz. the terms other than those divisible by «? all disappear: we may either abbreviate 
the calculation by omitting them ab initio, or retain them for the sake of the 
verification afforded by their disappearance. The factor a? divides out, and the final 
result is 
ch? = iaj — 4b? + Hbh — &cg, 

which is the proper segregate expression of the derivative ch2: of course, we have 
deg-order CH2=8.16, deg-order ch2=6.6, and the difference is 2.10, the double of 
1.5, so that the factor a? is as it ought to be. 


TABLE No. 100 (The Derivatives up to the Sixth Order). 


Degree 2. 
2.2| b 2:58 1^6 
aa4 | +1 aa2 | +1 
Degree 3. 
3.3 3.3| d 3.5| e 3.7 | ab Ze paf 
ac5 | 0 ab 2 | — 3 ab l | + 3 ac2| +4 acl | +4 
ac 4 | + 12 ac 3 | +23 
Degree 4. 
hw g Mee 4.4 | D h 4.6 | 2 
men | N ee Aue 
ae5 | - 2 En 0 ad2|-4 ti adl | + 3 
bb 2 | — 4 ae 4 | 0 ae3|—$ - $ qe 3 | + $ 
ce 6` | — d af5 | +B —$$ af4 | +33 
be2 | +4 -4 be 1 | +4 
cc4| +3 -i 
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So PIJ 
ah4 | +2 
a5|—¢ 
bd2 | — 4 
ce 5 | —§ 
5.9 |. ab? 
all—3 
YX paz 
ce 1 0 
dfdi+zz 
6.2 
0 ak 3 
al 5 
bh 2 
ch 4 
e D 
dd 2 
de 3 
ee4 
IIS 
E. yi 


4.10 | ae 
af2 | +1 
Degree 5. 
5.3) k 5.5| ag bd 
ah 3 | +1 IAM -32 
a4 | + ı a3j+0 -2 
bdl|-+ bel | — 4 +2 
be2 | — 3 od3 | "~~O Na 
ed 3 | + < ce3|—4, -% 
gq6|-ii 
ah cd 5.11| a ce 
+3 c H df2 | +75 “rio | 
- 4 +3 
- 41 +3 
R 18 490 
120 — 120 
Degree 6 
bg m 6.4 n 6.6 aj 
0 ¬4 ajl | -1 alj- 3 
o +3 |akz|+4 | as |- 4 
al. al4 | -35 | bill— 3 
A -3 | EH +4 | male 3 7 
0 3 | T HET | dl 
0 1 ch3 | +25 | del |- F 
(5 Sol cid | +s | d3 | + arë 
-1 -4 [j-i | e2|- s 
— ss -l g5|-u | 44 | + HE 
AFG _ 1529 
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TABLE No. 100 (continued). 
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4.12 | ab c 


Si ak ~o 


| 
Ga 
+ + + 


393 


ES 


da a ON a 


T 
pad 


394 A TENTH MEMOIR ON QUANTICS. [693 


TABLE No. 100 (concluded). 


6.8 | ak bi 6.10 ag abd De ch 
E ELLE al 1 7 ae 43194 
hv Pia. o ci l 0 -4 +4 -3 
e Pado ko df 1 0 ~J 43 -3 
df2 A — se LHR ti -$H ri 
f3 | + Pê +378 J | kada - dër t dër Tës 
6.12 | abe al ci 6.14 | ab? ah ad be 
IIA pp ze Sf2|-& 443 të -2 


which is complete to the sixth degree. 1 had calculated the derivatives up to the 
tenth degree, but the results were not in the segregate form. 


On the form of the Numerical Generating Functions: the N.G.F. of a Sewtic. 
Art. Nos. 385, 386. 


385. It is to be remarked that the R.G.F. is derived not from the fraction in 
its least terms, which is algebraically the most simple form of the N.G.F., but from 
a form which contains common factors in the numerator and denominator: thus for 
the quadric, the cubic, and the quartic, writing down the two forms (identical in the 
case of the quadric) these are— 


Quadric 
1 

ae 

Cubic i 
1- ar + aña? 1 — ax 

NG! sz 2D afe | l-at l-a l-a? l-a” 
Quartic 

NGF = 1 — ar + a a 1 — a5? 

TU 1—-ag.1—a.1—aa.l—as$? — ET ETA ET TER ET EEN 
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For the quintic the two forms are, N.G.F. = 


Be Die] — dë Y 
#Ci 1 EES Sp a Low 
EE ST oL riam 
` ETI EL ANY ETAN" 
BEIC EECH XARAN TY 
divided by 
and 
W 
( 
( 
(1 +æ 
Ca +0 
A xelan) MALO bw RID V BER 
( a 
( AC BARON Le, EAT, MU E AA 
ECT 
( 
new 
TE i — a) aton 
divided by 


I =at. 1-a. l-a. l-a .l- aê ıl - e^: 


this last being in fact equivalent to that used for the determination of the R.G.F. 
50—2 
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386. For the sextic the forms are, N.G.F.= 


C ya +4 - e - a - e +a +æ)? 

(- 1 —a ta” + 2a? + 2a* + oi -a — æ) Pr 

(-1 +æ + a? + a + a -a' Ki a) aas 
Den 1 k +a — a - a - a — a* ew rt 

CA +a — a — 2a* — 2a5 — af +a + a?) as 

Cl ic sidi | + a + a + æ —a' See? að 


and 

ETO pë, 
"t1 [| arn ata AS i E R NN 
+( e uae + qê | + a^ | + a MIN sor Kerî Kor quy Wen KO Ue Rewî RA Hêk ) Pat 
+f + “al ECH es + a$ Ta koma. l KÎ cs ) a'xé 
PS? n» We Mon e yos Er: ly bei MERI ev dlas A gjit ) aqë 
+( A K zN TG Le -a casae] BR SWE e A —a ) ax 
+ ( s ee HEE -a EB -a |-a8|—a?| ~a" uta" peru ) atar 
"i sd hm Po A UICE 2 EC De i) 
“CG ruko e E E I "b "|l-as jue 
divided by M 


l—a?.l1—a'.l—a".l—a".l—axzé.,1l—a'zxi., 1 — an, 


where observe that in the middle term, although for symmetry a“ (= Va) has been ` 
introduced into the expression, the coefficient is really rational, viz. the term is 


(a? + a5 + a? — që — ad — a) aê, 


The second form or one equivalent to it is due to Sylvester: I do not know whether 
he divided out the common factors so as to obtain the first form. I assume that 
it would be possible from this second form to obtain a R.G.F., and thence to establish 
for the 26 covariants of the sextic a theory such as has been given for the 23 covariants 
of the quintic: but I have not entered upon this question. 
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TABLE No. 93 bis (The covariant S, adopted form = — (D, M)). 


In this Table, a, b, c, d, e, f denote, as in the tables of former memoirs, the 
coefficients of the quintic form (a, b, c, d, e, f Yæ, y). 


S=(| obe e 2 abedf" — 3 abed f? + 3 ava" + 2 | Ya, yy 
edef? + 15 cof + 3 cdef?— 6 def? — 6 
ĉef — 9 cd"ef? + 24 cf + 3 def + 6 
ef: = 9 cdef — 42 def? — 3 e - 2 
chef — 6 cë + 18 def + 6 a'b edit — 15 
cde + 9 dy” — 18 5^ - 8 ede*f? + 30 
def + 9 def + 33 ad — 3 cf - 15 
de — 7 de — 15 def? + 6 Pef? + 15 

abc + 6 abedf? + 6 ef — 3 def — 30 
cdef? — 30 cf? — 6 »bcdf* — 24 dë + 15 
cof + 18 def” — 24 ef? + 24 »ÜUedf + 9 
ff? + 9 def + 42 cdef?+ 78 def? — 9 
def + 6 e — 18 cdëf — 108 def” 21 
dé -— 9 ANo 1-3 cë + 30 edef + 15 

»0 cef? — 15 edef? — 78 dif? — 24 de + 6 
cdf? + 21 cef + 69 def + 24 cdf? + 3 
def - 6 cdif? + 93 „ort + 18 cd’ef + 21 
ed + 18 cdef — 51 edef? — 93 cd? - 24 
cd`ef + 30 ede“ — 33 def + 21 def — 9 
ed? — 51 def — 57 cdf? + 36 de + 9 
d - 36 dë + 54 edef+123 | abd + 9 
de + 39 „ Wctef? + 24 cde — bl def? — 18 

y Bild?" — 3 edf? — 36 ed'ef — 111 dcus A 
def + 45 edef- 9 cë + 39 » Pdf? + 6 
edef — 84 ce — 54 df + 27 ef? - 6 
dë — 63 def + 24 dë - 9 chef? + 6 
cdf + 45 ede + 129 abedf" + 42 cdëf — 24 
ede + 150 edf + 9 cef? — 42 cë +.18 
cde —117 cdt? — 114 def” — 69 df? — 45 
d + 27 de + 27 def + 96 def + 96 

abicf® — 6 abd* — 3 e — 21 dë — 51 
def? + 15 oy e 3 ca Au 33 „Der -- 9 
ef - 9 „ft — 6 cdef”- 51 cdef” — 30 

beef? + 30 cdef? + 108 cef + 48 cef + 66 
erfir? — 15 cof — 96 erfir? + 9 ehf’ + 84 
cdef + 24 dif? — 21 cf — 147 ed’ef— 36 
có 45 def — 48 ede + 39 ede — 102 
def - 66 dei + 63 def + 78 cd'ef - 174 
de + 72 „beef. — 24 de - 45 |. ede +210 

,bedf? — 21 edf — 123 , 0 e*ef* + 57 dif + 63 
cef — 96 edef + 147 edf? — 24 d’e Më. 72 
Gier + 36 de + 66 edef — 78 » ef B 36 
cede + 213 cd3ef + 78 de 60 cdf? — 45 
cdif +120 cd’ — 186 cdef + 36 edef — 120 
ede — 303 df + 51 cdi? + 108 ESAS 
de + 51 de - 9 cdif — 24 edef + 204 


(continued on next page.) 
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(continued from last page.) 


abef? + 9 alb cdf? + 111 abede — 6 a verë + 120 | 
cidef + 174 def — 78 de - 9 cdf — 66 
cë — 36 def — 36 ved? — Y cdi? — 240 
cdf — 204 êdê — 54 def — bl ed'e + 144 
de — 174 dif — 96 c'd'ef + 96 dë — 27 
cde + 330 ede + 150 die +111 adbicdf? — 9 
cd — 99 cde + 30 dif — 27 caf? + 9 
„ef — 63 da cdi — 234 def” — 18 
cdf + 66 a 0t eo ie BI ede + 14 def + 45 
ede + 99 def + 24 cd — 2T es OT 
cid`e — 147 de + 54 a'bd/* — 18 adu uu T 
cd + 45 cdf + 27 e + 18 def? + 51 
a^b5f? + 2 e — 93 per + 15 ĉef — 72 
bef” — 15 ede + 6 edef? + 33 cdf? + 63. 
df* — 6 cd + 9 cof - 63 cef — 213 
def — 18 pr + 3 dif” + 54 ede +171 
ei + 27 def? — 30 def — 66 def + 36 
„bierdf? + 24 OF + 27 dei + 27 dë — 43 
cef + ÐI „b“df” + 51 » Beef? — 54 » beef? — 39 
cd’ef + 102 cdef — 39 edf? — 129 S — 150 
ede — 171 ct - 2 edef + 186 def + 303 ` 
df + 6 def + 60 de + 45 ce — 18 
de + 18 de 45 ed'ef + 51 edef + 174 
B m... » Pd” 39 edê — 96 de — 345 
cdef — 210 def + 45 d — 54 cdf — 99 
cë + 43 edef — 108 dë + 48 cd'? + 192 
edf — 120 ede + 96 „ Pdf? +114 de - 18 
ede + 345 cdif 111 cef. +, 9 » bedf? +117 
cde — 87 ede? + 147 edef — 150 ee 5] 
d ma de — 30 ceder — 147 cidef — 330 
a Peer ask, TA T3205 A lO edf + 93 dde + 87 
«df + 240 def + 6 d'e + 150 ed + 147 
ede? — 192 cë — 48 cde — 87 ede + 186 
ede — 186 edi + 234 Ale “Tê ede — 201 
ced + 96 ede — 150 of? = 27 ed? + 45 
„bedf — 144 cd — 108 def — 30 » Ves?  — 37 
cë + 18 cd + 57 oe «+, 30 def + 99 
ede + 201 PR CRE ka af: =. 8 dé + 2 
cd — 87 ed? — 141 tde + 108 edi — 45 
SVT soe aj ede? + 87 d'e — 96 - de — 96 
cde — 45 cd'e + 96 cd + 21 dd'e + 87 
ed + 20 cë — 51 n D'cef ^. BI cd — 20 
be'df + 27 cdf -— 9 
ge = 18 ede” 57 
ede — 21 ede + 51 
cd + 12 cd — 12 


I remark that I calculated the first two coefficients S,, S,, and deduced the 
other two S, from S, and S, from $, by reversing the order of the letters (or 
which is the same thing, interchanging a and f b and e, c and d) and reversing 
also the signs of the numerical coefficients. This process for Sa, S, is to a very 
great extent a verification of the values of S, S, For, as presently mentioned, the 
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terms of S, form subdivisions such that in each subdivision the sum of the numerical 
coefficients is — 0: in passing by the reversal process to the value of S,, the terms 
are distributed into an entirely new set of subdivisions, and then in each of these 
subdivisions the sum of the numerical coefficients is found to be =0; and the like 
as regards S, and £S,. 


If in the expressions for 8, S, Sa, S, we first write d=e=f=l, thus in effect 
combining the numerical coefficients for the terms which contain the same powers in 
a, b, c, we find 


S= a’ (— 20 + 6c? — 6c + 2) 
+ a? {b (62 — 12c — 6) + b (— 1568 + 33c? — 21c + 3) 
+ b (42c* — 147c* + 1950? — 117c + 27)} 
+a fbt. 0 + bë (3007 — 36c + 6) + b? (— 117c* + 249c* — 183c + 51) 
+ b (965 + 188c* — 378c* + 33002 — 990) + b? (— 6365 + 16507 — 147c* + 45c*)) 
ta (68, 2 + b5 (— 15c + 3) + bë (750? — 69c + 24) + b (— Ho — 16705 + 2250? — Hie — 2) 
+ b? (720° + 48c* — 1866 + 960%) + b (— 12605 + 2010 — 870%) 
+ b^ (2708 — 4507 + 200%)! : 
which for c=1 becomes 
= 205 — 1255 + 30b! — 4088 + 300: — 12b +2, that is, 2(b— 1), 
and for b=1 becomes = 0. 
S= a (0c? + 0c + 0) 
+ a? (b? (0c + 0) + b (Be — 9c? + 9c — 3) + b’ (24c* — 99c* + 1530? — 1050 + 27 )) 
+a (0,0 +b3(— 6c? + 12c — 6) + b? (— 2405 + 90c? — 108c + 42) 
+b (33 — Oe + 54c? + 30c — 27) + b? (— 2705 + 780° — 66c* + 6c* + Hei 
+ a? (b5 (Be — 3) + b! (— 15c + 15) +b (6 — 120? + 860 — 30) 
+ b? (9 — 42c* + 84c* — 10802 + 570) + b (90 — 540” + 96c' — 51”) 
+ b? (967 — 96)} : 
which for c=1 becomes =0. 
S= a?(0c+0) 
+ a? {b?.0 + b (0c + Oc + 0) + 0^ (18c* — 72c* + 1080” — 72c + 18); 
+a {bè (0c + 0) + b? (— 330 + 990? — 99c + 33) + b (570* — 1620? + 1440? — 300 — 9) 
+b (- 606 + 207c* — 2610* + 141c? — 270) 
+ a? (05.0 + fe (150? — 300 + 15) + b? (— 54c* + 102c* — 42c — 6) 
+ bè (12361 — 2970 + 2430? — 870 4-18) + b (— 276 + 102c* — 960' + 210?) 
+b? (2707 — 66 + 5105 — 120): 


which for c=1 becomes = 0. 
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S,= a.0 

+ a? (b (Oc +0) + 5° (Oc? + Oc? + Oc + 0)} 

+a (05.0 +b (0c + 0c +0) +b (— 9c* + 36c* — 540? + 36c — 9) 
+b (866 — 171c* + 324c* — 3060” + 144c — 27 )) 

+ a? {bt (Oc + 0) + bë (708 — 210? + 210 — 7) + D? (— 39c* + 135c* — 171c? + 93c — 18) 
+ b (666° — 243c* + 3336 — 201e? + 45c) 
+b (— 277 + 101c5 — 1416 + S7c' — 20c*)} : 

which for c= l becomes = 0. 


It follows that, for c=d=e=f=1, the value of the covariant S is —2(b— Lt, 
which might be easily verified. i 


www.rcin.org.pl 


